This paper presents an analysis of near-resonant, ro-vibrational two-photon spectroscopy and use of cavity ring-down spectroscopy for its detection. An expression is derived for the photon absorption rate of a three level system, correct to all orders and the simpler expres- Based upon an analysis of the sensitivity limits for 2-photon cavity ring-down spectroscopy, a theoretical detection limit of 22 ppq (10 −15 ) Hz −1/2 for 12 C 16 O 2 is predicted, higher sensitivity than has been realized using one-photon absorption. It is predicted that most polyatomic molecules will have sparse, Doppler-Free two-photon absorption spectra which will dramatically increase the selectivity of trace gas detection of samples with multiple components with overlapping absorption bands.
Trace gas detection has been revolutionized by the use of low-loss optical cavity enhanced spectroscopic methods. Starting with the introduction of the Cavity Ring-down technique in 1988, 1 many forms of cavity enhanced spectroscopies (CES) have been developed and used for a wide range of applications. 2, 3 Most of these papers have involved detection of gases, though applications for liquids 4, 5 and surfaces [6] [7] [8] also are common. Essentially all prior work has involved one-photon spectroscopy, in either the linear or saturated absorption regime. One of the most impressive achievements has been development of instruments to measure 14 C 16 O 2 in pure CO 2 samples, 9 with a sensitivity of 5 ppq (mole fraction in parts per 10 15 ) after 2 hours of integration, well below the ∼ 1 ppt fractional abundance of 14 C for atmospheric CO 2 . There are several scientific instrument companies that specialize in CES based trace gas analyzers. The principle advantage of using CES approaches is that one gets an effective absorption path-length that is
(1 − R M ) −1 (where R M is the mirror reflectivity) times larger than the physical length of the cell.
In the near-IR through most of the visible spectral range, mirrors with enhancements of ∼ 10 5 are commercially available.
In trace detection, both sensitivity and selectivity are key. The use of CES allows for remarkable sensitivity, but in one-photon absorption, the selectivity is limited by high density of weak transitions of the principle components of the gas if they are polyatomic molecules. One can minimize the overlap by pressure broadened tails of other transitions by working at pressures where the lines are Doppler broadened, but that compromises sensitivity. Also, given the high enhancement of the power inside the sample cavity compared to the output power, one can have optical saturation of the detection transition(s) at cavity output powers that give signals on the detectors only modestly higher than detector noise. 10 This is particularly problematic when doing sensing with Mid-IR radiation, where the molecular transitions are strong but the detectors have limited sensitivity. The rate of absorption, in the case of saturation, is limited by the fraction of the density of molecules interacting with the light. This fraction equals the fractional population of the lower state of the transition times the ratio of the power broadened homogeneous to the total transition width. Optical saturation has an advantage in that the saturating part of the cavity loss does not give an exponential decay, which is exploited in the Saturated-Absorption Cavity Ring-Down Spectroscopy (SCARS) technique 11 to distinguish it from the nonsaturated contributions of cavity loss, though the two loss contributions remain highly correlated. 12 In this paper, I discuss a novel approach to CES that utilizes near-resonant, degenerate rovibrational two-photon absorption (TPA) by the gas contained in a low loss optical cavity. De-generate two-photon absorption from counter-propagating optical fields is intrinsically DopplerFree, [13] [14] [15] therefore, regardless of thermal velocity, all molecules in the correct lower state will absorb in a transition with frequency width limited by the homogeneous width of the transition. 13 The unsaturated, peak absorption strength of TPA will saturate as a function of pressure once the homogeneous width due to pressure broadening exceeds the transit time broadening, which is typically only ∼100 kHz. Biraben recently reviewed the early work in Doppler-Free two-photon spectroscopy. 16 
I. THREE LEVEL OPTICAL BLOCH EQUATION, WITH ALL RELAXATION RATES = γ
The theory of two-photon absorption has been traditionally treated using second order, time dependent perturbation theory. [17] [18] [19] In the electric dipole approximation, the rate of two-photon excitation from state 1 to 3 by absorption of two-photons of angular frequency ω = (E 3 − E 1 )/2h
can be shown to be proportional to the square of an amplitude, S (2) 13 , that itself can be written in terms of a sum over virtual intermediate states, 2, 19
where µ 12 and µ 23 are the transition electric dipole moments between the three states projected on the polarization direction of the driving electric field and γ 12 is the dephasing rate for the 1 ↔ 2 transition. It is evident that there is a resonance enhancement when there is a state 2 that has allowed transitions to both states 1 and 3 and is nearly half way between these states such that
This is the case we will be considering in this work and we will assume that one particular such state 2 dominates the sum for S
13 . However, in this case, it is possible for the system to be driven sufficiently hard that the perturbation treatment is no longer accurate. For the case of a single nearly resonant intermediate state, one can derive steady state solutions to the density matrix of the driven three level system and this allows for calculation of the photon absorption rate for arbitrary excitation conditions, which is done below.
Consider a three level system, with states labeled 1, 2, 3 with optical transitions between states 1 ↔ 2 and 2 ↔ 3 with definitions Ω 12 = µ 12 E /2h, Ω 23 = µ 23 E /2h where E is the optical electric field amplitude at the position of the molecule, andh∆ω 12 = E 2 − E 1 −hω where E 2 and E 1 are the energy of states 1 and 2, and the corresponding definition for ∆ω 13 . We will assume that at equilibrium only state 1 is populated and all collisional relaxation rates are equal to γ. Under these assumptions, along with the rotating wave approximation, we can write the time evolution of the components of the density matrix as: 20 
The rate is centered on ∆ω 13 = 0, with power broadened half-width, half maximum equal to
Neglecting the saturation correction, this is the same as was derived by Vasilenko et al. 13 . If we drive exactly on the two-photon resonance ∆ω 13 = 0, we can write R → (8/9)γ in the DHOA. This can be compared to a steady state absorption rate of γ if we assume that on hard saturation ρ 11 = ρ 22 = ρ 33 = 1/3 or ρ 11 = ρ 33 = 1/2, ρ 22 = 0.
We can expand R SR in powers of Ω 12 and Ω 23 to obtain the absorption rate in powers of intensity or photon number density. Keeping the terms up to fourth power in the Rabi frequencies, i.e. quadratic in light intensity, we have the low power limit as + . . .
The first term on the right is the linear absorption from one-photon 1 → 2 absorption, the second the leading saturation term of that transition, and the last the two-photon absorption 1 → 3.
The above expressions should be applicable in the limit that |∆ω 12 | is much larger than the 
/Mc 2 with T g the translational temperature of the absorbers, and M their molecular mass. This gives a photon absorption rate:
Note here, the second term is negative, canceling part of the contribution of the first term. Figure 2 displays the two-photon resonance photon absorption rate as a function of Rabi frequency for a range of values for the one-photon detuning, assuming the harmonic ratio √ 2 for the two Rabi frequencies. Figure 3 plots the photon excitation rate per molecule as a function of ∆ω 12 , both normalized by γ and assuming a Doppler broadening parameter σ D = 100γ. Curves are plotted (from bottom to top) for Ω 2 12 = γ 2 , 2γ 2 , . . . 20γ 2 . The upper panel is the rate with both one and two-photon absorption, the lower where there is no two-photon absorption ( Ω 23 = 0 ). Under the assumed parameters, even at exact one photon resonance, opening up the two-photon resonance increases the rate of photon absorption by nearly an order of magnitude. This is due to the fact that the one photon resonance is Doppler Broadened and the one photon excitation burns a whole in the ground velocity distribution, while the entire Doppler profile can absorb two-photons. to be sufficiently smaller than the detuning so that it can be neglected.
If we convolute the Doppler broadening with the power series expansion for R SR , Eq. 7, we get
If |∆ω 12 | is large compared to σ D , the sum of the two Ω 4 12 terms is smaller than the
term by a factor of 2(|Ω 12 |γ/|Ω 23 |∆ω 12 ) 2 = (γ/∆ω 12 ) 2 in the harmonic approximation, and thus will be negligible at low pressures.
II. INFLUENCE OF SPATIAL DEGENERACY
Up to this point, we have only considered three level systems without the spatial angular momentum projection degeneracy associated with levels with nonzero total angular momentum J, i.e. for the other quantum numbers. Two-photon absorption rates are different for linear and circular polarization, 22 though the same for right and left polarized radiation, so we will only consider polarization states (p) as linear (L) and circular (C) with the latter assumed to be right handed.
Changes in TPA with polarization can be used to assign symmetries of the states involved. 19, 23 Each of the Rabi frequencies will have a dependence on the M quantum numbers that can be represented as
where φ p are the direction cosine matrix elements for polarization state p. The nonzero values are given in Table I . 24 The results presented above continue to hold if we replace
for linear polarization and by
the case of circular polarization and then average the rate over the 2J 1 + 1 initial values of M.
Because the φ terms are different for the fundamental and overtone transitions, the simplification of the harmonic matrix element approximation no longer holds exactly.
For the photon absorption rate, neglecting saturation, we can replace the factor Ω 2
12 Ω 2 23 by
Using the line strength factor, S, Einstein spontaneous emission rate, A i→ j , optical intensity, I, optical electric field amplitude, E , transition frequency, ν"
Using I = ε 0 c |E | 2 /2 = hνN p , we can write the effective value for Ω 2 12 Ω 2 23 as
The dimensionless factors a p (J 1 , J 2 , J 3 ) account to the spatial degeneracy. Their nonzero values are given in Table II . All the a p factors are on the order of unity, but some two-photon transitions are 
TABLE II: a p factors to correct for M dependence in off resonance two-photon excitation rate
6/5 9/5
9/10
3/5 9/10
6/5 3/10
Keeping the Ω 2 12 Ω 2 23 term in Eq 7, and using Eq. 14 for the effective value, we have for the on two-photon resonance steady state absorption rate
It has been assumed that ω 12 and ω 23 can be replaced the two-photon angular frequency, ω = (ω 12 + ω 23 )/2.
Averaging over the Doppler Broadening of ∆ω 12 gives
where N p is the photon flux rate. Converting molecular parameters, except the A i→ j values, to dimensions of cm −1 , as that is how spectroscopic parameters are usually tabulated, we have
The homogeneous broadening wavenumber can be calculated as ∆ν H = γ/2πc = b p P g where b p is the pressure broadening coefficient (half width at half maximum, HWHM) and P g the pressure of the gas sample. The above results are rates and cross sections per molecules in state 1. For reference to the molecules of a specific compound in the gas, we should multiply by the fraction of those molecules in state 1, 
Based upon Eqs. 4 and 14, it can be shown that, in the off-resonance case ( ∆ν 12 >> σ D , |Ω 12 |, |Ω 23 | and γ), optical saturation will reduce the on-resonance two-photon absorption by a factor of 1 + (I/I sat ) 2 where we can write:
Note that the saturation power scales linearly with ∆ν H and thus pressure, unlike for a Doppler Broadened line where the saturation power scales as the square of ∆ν H and thus pressure squared.
Also, for high power, I >> I sat , the absorption signal.
III. CAVITY RING-DOWN DETECTION OF TWO-PHOTON ABSORPTION
We will relate the steady state two-photon absorption rate to the rate of decay of intra-cavity intensity. Let the number density of molecules in state 1 at equilibrium be N 1 and assume the molecules are excited by the TEM 00 of a confocal cavity with one way intra-cavity power P ic . If the cavity intensity decay rate and the transit rate of molecules across the cavity mode are slow compared to γ, we can assume that molecular absorption remains in steady state with the instantaneous intensity at the position of each molecule. The rate at which optical energy is absorbed from the intra-cavity field will equal the integral of hcνR ss N 1 over the cavity. Assuming the cavity is nearly confocal with length L, the integral of I 2 over the cavity volume gives (3/2)πνP 2 ic . 25 Neglecting saturation, the power absorbed by the molecules inside the cavity is given by:
Note this is independent of the cavity length due to the fact that a shorter cavity has a more tightly focused mode. The optical energy stored in the cavity equals (2L/c)P ic , so dP ic /dt = −(c/2L)P abs .
Consider on resonance excitation on the TPA (∆ν 13 = 0), and an ideal gas at pressure and temperature, P g , T g , for which ∆ν H = b p P g and N 1 = (P g /k B T g )x a where x a is the mole fraction of the analyte in the sample gas. These assumptions lead to a rate of loss of intra-cavity power
(23)
which can be integrated to give the Power vs. time
Above, α denotes the linear absorption coefficient of the intracavity sample, including the one photon 1 → 2 transition, and R m is the geometric mean of the power reflectivity of the two cavity mirrors. Note that for a detuning that is large compared to the Doppler width, the two-photon absorption rate is independent of pressure. This will breakdown if the pressure is so low that either saturation or transit time broadening of the TPA cannot be ignored. When the intermediate state detuning is well within the Doppler broadening, the two-photon absorption rate is inversely proportional to gas pressure.
In the expressions above, I have only considered the Doppler-Free absorption from the counter propagating waves in the cavity. There is also a Doppler Broadened term as well, with the same width as for a one-photon transition at the same frequency. The average of the intracavity intensity squared along the beam gives 6I 2 while each traveling wave interacts separately for the Doppler broadened absorption giving a factor of I 2 for each direction, so the ratio Doppler broadened to Doppler-free absorption is given in terms of the normalized lineshape functions 3g 
IV. APPLICATION TO CARBON DIOXIDE AND OTHER MOLECULES
Consider a parallel two-photon transition of a linear molecule with a Σ ground state v s = 0 → 1 → 2. There will be S(J)(∆J = 2), Q(J)(∆J = 0) and O(J)(∆J = −2) transitions, with the largest resonance enhancement for one of the Q branch transitions. As the v = 1 → 2 "hot band"
is typically red shifted from the v = 0 → 1 fundamental, the resonance will be largest for the J values near where the P(J) branch of the fundamental crosses the R(J − 1) branch of the hot band. Neglecting centrifugal distortion and higher order vibration-rotation interaction constants, the nearest resonant two-photon transitions will be Q(J) transitions will have detuning given by:
X ss is the anharmonicity constant of mode s, B 0 the ground vibrational state rotational constant, and α s the vibration-rotation interaction constant for mode s. Typical values for the X ss constants are −5 to −50 cm −1 . The transition with the smallest |∆ν 12 | occurs for the integer J value closest to −X ss /2(B 0 − α s ) and this J value has a detuning less than B 0 − α s , except in the cases of J states with zero nuclear spin weight. If the ground state is not Σ symmetry, we also have additional near resonant transitions J → J − 1 → J − 1 and J → J → J + 1 with detuning of X ss + B 0 J and X ss + (B 0 − 2α s )(J + 1) respectively. While we can expect, on average, the closest of these to be even closer to two-photon resonance, the Q branch transitions of parallel bands are weak, so these are unlikely to be the strongest unless they are particularly near resonant.
For perpendicular modes of such a linear molecule, t, we have possible transitions from the ground state to the 2ν t , Σ(l = 0) and ∆(l = ±2) vibrational states. For the Σ state, there will be near resonances again for the J → J − 1 → J transition, but with detuning given by X tt − g tt /2 + 2(B 0 − α t − q t )J. For the transitions to the ∆ state, the J → J − 1 → J excitation path has detuning X tt + g tt /2 + 2(B 0 − α t − q t /2)J. In addition, there are near resonant transitions with excitation paths J → J − 1 → J − 1 and J → J → J + 1. These have detuning of X tt + g tt /2 + (B 0 − q t /2)J and
. Unlike the case of the parallel transitions, the Q branch transitions are strong, and the closest resonance of these will have a detuning less than ∼ B 0 /2.
As a quantitative example, we consider two-photon absorption by 12 C 16 O 2 gas in the region of the ν 3 fundamental. Transitions for both the fundamental and hot band in this mode are listed in the HITRAN database 26 , which gives the parameters needed to calculate the two-photon cross section. these parameters using Eq. 20. This can be compared to a "typical" two-photon cross section for electronic transitions, which are measured in units of 10 −50 cm 4 s, which is known as one Göppert-Mayer (GM). 19 For example, Squaraine Fluorophores, developed to be "Ultra-Bright" for two-photon microscopy 27 have peak two-photon excitation cross sections on the order of 10 4 GM, i.e. 10 −46 cm 4 s, 7 orders of magnitude smaller than for the resonantly enhanced transition in CO 2 .
For the signal estimate, we will take the parameters for the cavity used by Gali et al. in like them, we use a laser with 100 mW power to excite the cavity, the predicted output power is P 0 = 21 mW; an initial intracavity power P ic (0) = 241 W each way. For such parameters, γ 2 = 2.12 · 10 8 x(CO 2 )/(W s) is calculated. Previously, I published an error propagation calculation that predicted the standard error of the parameters for fits to the two-photon loss decay transient given by Eq. 27. 12 For the case of shot-noise-limited detection, the standard error for γ 2 from a single decay can be written as:
Taking a detector quantum efficiency Q det = 0.63 and power on the detector as P det = 10 mW, and (14) and Q(18) ) and about 1000 times stronger than the strongest lines in the O (∆J = −2) and S (∆J = +2) branches. We can expect qualitatively similar behavior in the TPA spectrum of most molecules that could be potential interferences in the detection of other analytes.
The author has searched the HITRAN online 28 database for a number of molecules for twophoton transitions where the fundamental and overtone level are listed, the later by either the corresponding hot band or by an overtone band from the ground state. In the former, A values are listed for both transitions that make up a resonant TPA triplet of states and these were used to calculate the TPA cross section of each transition. In the latter case, the A value for the v = 1 → 2 transition was assumed to equal twice that of the fundamental, in accord with the double harmonic oscillator approximation. The strongest transitions for each isotopic species are given in Supplementary material to this paper.
We will now consider application of TPA to a relatively heavy asymmetric top molecule, which has much more complex level structure than CO 2 . For a molecule without symmetry, most ground vibrational state rotational levels will have 25 two-photon absorption transitions for each final vibrational level 19 (O, P, Q, R, S branches for both ∆J and ∆K ), even without considering transitions allowed by asymmetry mixing that gives intensity to |∆K a,c | > 1 transitions. While sensitivity re-
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R R R P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P two-photon bands are each normalized to have unity integrated intensity for the band mains important, a more frequent limitation in the detection of these molecules, particularly using IR spectroscopy, is the difficulty in selectively detecting one species from another, particularly if they contain the same generic IR "functional groups". As an example, I have calculated the twophoton absorption spectrum of trans-Butadiene (t-BD), point group C 2h , using anharmonic spectroscopic constants calculated from Quantum Chemistry; 29 kindly supplied to me by Dr. Manik
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Pradhan. Calculations were done using Gaussian-16, with the 6-311++g(3df,2p) basis set and the B3YLP functional. Table III contains In many applications of Cavity ring-down and other forms of Cavity Enhanced Spectroscopy, the ultimate sensitivity limit is determined by drifts in the empty cavity loss. By scanning the laser over a resonant absorption or by frequency jumping on and off resonance, cavity loss drift that changes slowly with wavelength relative to the absorption line-width are corrected for, but there remain "fringes" that arise from interferences. These can arise from scattering by any of the optics that couple back into the resonator. Scattering of a single photon back into the cavity during the decay will just be detectable when the decay is shot-noise limited. 30 These interference fringes often have widths comparable with Doppler Broadened lines. For the CO 2 fundamental, the Doppler FWHM is ∼ 130 MHz, similar to the FSR of an interference caused by a back reflection from an optic 1 m from a cavity mirror (150 MHz). At total gas pressure on the order of 1 torr, the TPA line-width will typically be on the order of a few MHz, which is far narrower than any fringe produced by feedback. Galli et. al. 9, 11 have demonstrated that the SCARS method (where the molecular absorption is saturated and thus changes during the cavity decay) allows a separation of the molecular loss from all the contributions to the empty cavity loss; only the latter is effected by the instability cause by interference. This is what allows them to improve their sensitivity limit by very long time integration. This feature has also been theoretically demonstrated for TPA, with reduced correlation of the fitted linear and TPA loss rates compared to the saturable and non-saturable loss rates that are fitting parameters in the SCARS technique. 12 In order that the TPA not be strongly saturated, one needs to select the intracavity pressure such that the excitation rate per resonant molecule is less than the relaxation rate, which is proportional to the gas pressure. For the CO 2 detection parameters assumed above, the on-axis two-photon excitation rate will match the collisional dephasing rate for a gas pressure of 4.4 torr, where the pressure broadening of the transition will have a HWHM of 13 MHz.
In order to efficiently build up the intracavity power, we need to lock the excitation laser to the cavity (or visa versa) with a relative frequency jitter of much less than the width of the cavity mode, which has a FWHM of γ 1 /2π, which is 9.5 kHz for the assumed cavity length and loss.
Two locking schemes are considered. Galli et al. 9 used the Pound-Drever-Hall method 31 to lock a Quantum Cascade laser to their cavity with a residual laser-cavity frequency jitter well below the cavity mode width, thus demonstrating that this is technically feasible even while observing cavity decay events which interrupt the stabilization. They reported that they used an acquisition rate 2500 decays per second, very close to the 3 KHz assumed in the above calculation. In the SCAR technique, the cavity loss has to be numerically integrated to produce the predicted intensity decay curve, while TPA, without saturation, produces an analytical intensity decay curve. Thus the computational resources required to process a TPA decay is well below that for an equivalent SCARs decay transient. An alternative approach to efficient coupling is to use optical feedback from the cavity to spontaneously lock QCL laser to the cavity. 32, 33 In this case, we would want to use 3-mirror V-shaped cavity to eliminate the reflection from the input mirror, which for identical mirror properties, will reduce the intracavity power build up by a factor of 2 due to the loss of impedance matching. However, such optical locking will likely be more tolerant of vibrations and electronic noise and thus more promising for applications outside of a laboratory setting.
V. DISCUSSION
The analysis presented in this paper has demonstrated that near-resonance, two-photon absorption of vibrational transitions, detected using a version of cavity ring-down spectroscopy, should be which predicts a one-way power gain of 4000, compared to 2400 used in the above calculations. 34 .
For molecules with more complex and dense level structure than CO 2 , especially heavy asymmetric tops, a few two-photon transitions with detuning within the Doppler Width can be expected, leading to further increase in the two-photon cross section relative to state resolved one-photon absorption.
A natural question to ask is why has this not been already done? The overwhelming number of previous studies of two-photon spectroscopy have examined electronic transitions of atoms and molecules. This is perhaps not surprising in that fully allowed electronic transitions have transition dipole moments ∼ 10 2 times larger than the corresponding vibrational transitions. In addition, high power pulsed lasers have been more readily available in the visible spectral region. There was one attempt to observe two-photon excitation of NO 2 using CRDS, but this was unsuccessful. 35 The excitation region scanned in this study has extremely weak NO 2 one-photon transitions, the one photon CRDS absorption sensitivity was well below current level, and the fitting did not address the expected changes in cavity decay temporal shape, so it is difficult to judge the significance of this failure.
In the early days of mid-IR laser spectroscopy, the only readily available laser sources where fixed frequency atomic lasers (such as the IR He-Ne laser) and line tunable molecular lasers such as the CO 2 , NNO, and CO lasers. These had limited tuning (limited by Doppler widths of the laser gain transitions) but had relatively high power. Relevant to the present paper, a number of IR double resonance transitions were observed, even without cavity enhancement, in molecules such as CH 3 F 36-39 and NH 3 36,40-43 by Stark Shifting the two-photon transitions into resonance with the fixed frequency lines of a CO 2 laser.
VI. SUPPLEMENTARY MATERIAL
Tables are given as supplementary material that have listed the strongest ro-vibrational twophoton transitions of molecules, calculated using data from the HITRANonline spectral database.
Two photon cross sections are calculated for a pressure of 1 torr, using the air-broadening pressure broadening coefficients from the database. The cross sections are listed for molecules in the specific initial state, for the specific isotopologue by scaling by the thermal fractional population of that state at the HITRAN reference temperature, 293 K, and per molecule of the specific chemical species by scaling by the fractional population of the isotopologue as given by database. Files in common separated value format. Separate files are given for diatomics, linear molecules, and symmetric tops.
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